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We obtain observational constraints on Randall-Sundrum type II braneworld inflation using a 
compilation of data including WMAP, the 2dF and latest SDSS galaxy redshift surveys. We place 
constraints on three classes of inflation models (large-field, small-field and hybrid models) in the 
high-energy regime, which exhibit different behaviour compared to the low-energy case. The quartic 
potential is outside the 2a observational contour bound for a number of e-folds less than 60, and steep 
inflation driven by an exponential potential is excluded because of its high tensor-to-scalar ratio. 
It is more difficult to strongly constrain small-field and hybrid models due to additional freedoms 
associated with the potentials, but we obtain upper bounds for the energy scale of inflation and 
the model parameters in certain cases. We also discuss possible ways to break the degeneracy of 
consistency relations and inflationary observables. 
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The recent publication of data from the Wilkinson Mi- 
crowave Anisotropy Probe (WMAP) [lj has brought the 
global cosmological dataset to a precision where it se- 
riously constrains inflationary models 0, IE El IE IE • 
The observations show strong support for the standard 
inflationary predictions of a flat Universe with adiabatic 
density perturbations, and in particular, the viable pa- 
rameter space of slow-roll inflation models in the stan- 
dard cosmology has been significantly narrowed. We are 
now entering a golden age where the physics in the early 
universe can be probed by upcoming high-precision ob- 
servational data. 

It is now possible also to impose observational con- 
straints on inflation in non-standard cosmologies, the 
archetypal example being the braneworld cosmology, and 
in particular the Randall-Sundrum Type II model (RSII) 
Q which is the one most investigated in the literature. 
While it has been shown that observations of the pri- 
mordial spectra cannot distinguish between the standard 
cosmology and the braneworld specific constraints 
on the potential driving inflation will be different be- 
tween those scenarios. Liddle and Smith [Rj recently 
imposed the first constraints on such models, studying 
the case of monomial potentials V oc <f> v in the RSII 
braneworld and finding that the constraints on p tighten 
in the braneworld regime. 

In this paper we aim to make a much more general 
analysis of constraints on inflationary models in the RSII 
braneworld, under the assumption that inflation takes 
place in the high-energy regime of such theories. We 
will use the current observational datasets, including the 
latest Sloan Digital Sky Survey (SDSS) power spectrum 
data an d seek to impose constraints for a range of 
different types of inflationary model. 



In the RSII model 8] , where matter fields are confined 
to the brane, the Einstein equations can written as |T^ |: 
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where and 7r^„ represent the energy-momentum ten- 
sor on the brane and a quadratic term in T^ v , respec- 
tively. E^ u is a part of the 5-dimensional Weyl tensor, 
which carries the information about the bulk. The 4- and 
5-dimensional Planck scales, mpi and M5, are related via 
the 3-branc tension, A, as 
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Hereafter the 4-dimensional cosmological constant A4 is 
assumed to be zero. 

Adopting a flat Friedmann-Robertson- Walker (FRW) 
metric as a background spacetime on the brane, the 
Friedmann equation becomes 
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where a, H, and p are the scale factor, the Hubble pa- 
rameter, and the energy density of the matter on the 
brane, respectively. We ignored the so-called 'dark ra- 
diation', E^v, which decreases as ~ a -4 during inflation 
(we caution that this can be important in considering 
perturbations at later stages of cosmological evolution 
|ig). At high energies the p 2 term is expected to play 
an important role in determining the evolution of the 
Universe. 

The inflaton field <f>, confined to the brane, satisfies the 
Klein- Gordon equation 



4> + 3H4> + v'(4>) = 0, 
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where V((j>) is the inflaton potential and a prime denotes 
a derivative with respect to (f>. The quadratic contribu- 
tion in Eq. J3J) increases the Hubble expansion rate dur- 
ing inflation, which makes the evolution of the inflaton 
slower through Eq. Q). Combining Eq. with Eq. (QJ, 
we get the following equation 
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The condition for inflation is a > 0, which reduces to the 
standard expression V > cA 2 for (cA 2 + 2V)/8X <C 1. In 
the high-energy case, this condition corresponds to 2V > 
5(f) 2 , which means that inflation ends around 2V ~ 50 2 . 
Making use of the slow-roll conditions in Eqs. and QJ, 
the end of inflation is characterized by 



v 2 (<p f ) 



5Am P1 
24tt 



(6) 



The amplitudes of scalar and tensor perturbations gen- 



erated in RSII inflation are given as 
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where x = (47rA) and 
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The right hand sides of Eqs. Q and (JSJ are evaluated at 
Hubble radius crossing, fc = aH (here fc is the comoving 
wavenumber). 

Defining the spectral indices of scalar and tensor per- 
turbations as 
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and making use of the slow-roll conditions in Eqs. © and 
0, one finds 0II3 
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where e and rj are slow-roll parameters, defined by 
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Here <pf is the value of the inflaton at the end of inflation. 

We shall define the ratio of tensor to scalar perturba- 
tions as 
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which coincides with the definition of R in Refs. 0,0,0 
R ~ 16e, in the low-energy limit. From Eqs. (7J, (jSJ), (fTT|) 
and Q15JI. one can show that the following consistency 
relation holds independent of the brane tension, A, as 
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That the consistency equation is unchanged in the RSII 
braneworld means that the perturbations do not contain 
any extra information as compared to the standard cos- 
mology. In particular, this means that they cannot be 
used to determine the brane tension A; for any value of A 
a potential can always be found to generate any observed 
spectra |9j. This result has a nice expression in terms of 
the horizon-flow parameters defined by (IH IT^ | 
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where H m f is the Hubble rate at some chosen time. Then 
we have 

n s = l-2ei-e 2 , n T = -2ei, R = 16ei , (18) 
a s = -2eie 2 ~e 2 e 3 , ut = -2eie 2 (for V/A < 1) 

and 

n s = l-3ei-e 2 , n T = -3e x , R = 24 £l , (19) 
as = -3ei£2 - £2^3 , a T = -3eie 2 (for V/A » 1) 

where as,T = dno,^ / d\nk are the runnings of the two 
spectra. We see that these two sets of expressions become 
identical if one associates 2e\ in the low-energy limit with 
3ei in the high-energy limit. 

The upshot of this correspondence is that a separate 
likelihood analysis of observational data is not needed for 
the braneworld scenario, as observations can be used to 
constrain the same parametrization of the spectra pro- 
duced. However, when those constraints are then in- 
terpreted in terms on the form of the inflationary po- 
tential, differences will be seen depending on the regime 
we are in. For the remainder of this paper, we will ob- 
tain constraints under the assumption that we are in the 
high-energy regime. Our work extends that of Liddle 
and Smith [Toj who examined only monomial potentials, 
though they did so for a general A. 



III. LIKELIHOOD ANALYSIS 

In order to compare the theoretical predictions of 
braneworld inflation with observed CMB anisotropics, 
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we run the CAMB program developed in Ref. |20| cou- 
pled to the CosmoMc (Cosmological Monte Carlo) code 
[2lj . This code makes use of a Markov-chain Monte 
Carlo method to derive the likelihood values of model 
parameters. In addition to the data sets from WMAP 
|22|, we include the band-powers on smaller scales cor- 
responding to 800 < I < 2000, from the VSA [H, 
CBI [13, ACBAR HU, and the 2dF [H and latest 
SDSS galaxy redshift surveys We include both 

2dF and SDSS under the assumption that they can be 
treated as statistically independent, but in fact little dif- 
ference arises if either one is dropped. The CosmoMc 
code generates a large set of power spectra for given val- 
ues of cosmological and inflationary model parameters, 
and finds the likelihood values of parameters by compar- 
ing the temperature (TT) and temperature-polarization 
cross-correlation (TE) anisotropy spectra and the matter 
power spectrum with recent data. 

The WMAP team @ carried out the likelihood analysis 
by varying the four quantities ^4s, R, n$ and as- The 
quantities tit and ax are related to those by consistency 
equations, and «t has anyway always been ignored so 
far in parameter fits as its cosmological consequences are 
too subtle for current or near- future data to detect. 

In adopting an expansion of the spectra, one should be 
careful about convergence criteria. The power spectrum 
Ag(k) is generally expanded in the form |2jj 
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In Ag(fe) = ln^(^) + (n s -l)ln^— 
2 V /c* 



where fc* is some pivot wavenumber. In order for this 
Taylor expansion to be valid, we require the following 
condition 
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For the maximum values |ln (fc/fc*) | ~ 10 4 and \ns — 1| < 
0.07, one gets the convergence criterion |ag| < 0.03. If 
this condition is not imposed, the likelihood results are 
not expected to be completely reliable. We numerically 
found that the ratio R shifts toward larger likelihood val- 
ues if the upper bound of as is chosen to be greater than 
0.03. This implies that it is important to choose an ap- 
propriate prior for as in order to get a good convergence 
for inflationary model parameters. 

When one performs a likelihood analysis using horizon- 
flow parameters, the 2a upper limits of t\ and ti were 
found to be < ei < 0.032 and -0.15 < e 2 < 0.08 in 
the low-energy limit (V/X — * 0) [f|. Since 63 is poorly 
constrained and is consistent with zero, it could be set 
to zero and then the running ranges —0.0096 < as < 
0.0051 from Eq. I|19|) . which is well inside the convergence 
criterion. 

The high-energy case (V/X — > 00) corresponds to 
changing the above t\ to (3/2)ei. Since nx, as and ax 




FIG. 1: 2D posterior constraints in the ns-R plane. We also 
show the la, 2a and 3a contour bounds. The region with a 
light colour corresponds to the likelihood region. The ratio R 
is constrained to be R < 0.57 at the 2a level. 



are written in terms of ng, R and e 3 , from Eqs. (|16|) and 
(|19fl . we perform the likelihood analysis by varying four 
quantities: ns, R, £3 and A§. This is equivalent to vary- 



ing three horizon- flow parameters (£1,62,63) in Eq. i|19|) 
in addition to A|. We put a prior 0.8 < ng < 1.15 and 
< R < 0.7, in which case the convergence criterion, 
l a s| 0-03, is satisfied. We found that 63 is poorly con- 
strained as pointed out in Ref. |6j, which means that the 
present observation does not reach the level to constrain 
the higher-order slow-roll parameters. Two dimensional 
observational constraints in terms of ng and R are plot- 
ted in Fig. n The allowed range of inflationary parame- 
ters is tighter than the results by Barger et al. since 
we implement several independent cosmological parame- 
ters in addition to WMAP measurement. Our results are 
consistent with the recent work by the SDSS group 0. 

We varied 4 cosmological parameters (flt,h 2 , £l c h 2 , 
Z = e~ 2r , Hq) as well in addition to 4 inflationary vari- 
ables by assuming a flat ACDM universe. Here ttbh 2 and 
Q, c h 2 are the baryon and dark matter density, r is the 
optical depth, and Hq is the Hubble constant. As seen in 
Fig. [21 the likelihood values of these basic cosmological 
parameters agree well with past works jHIEEllSISuj]- 



IV. CONSTRAINTS ON BRANEWORLD 
INFLATION 

In this section we shall consider constraints on single- 
field braneworld inflation in the high-energy case (V/ X ^> 
1). We can classify models of inflation in the follow- 
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FIG. 2: Marginalized probability distributions of the cosmo- 
logical & inflationary parameters. We find that the distribu- 
tion is well described by a Gaussian. 



ing way [2q|. The first class (type I) is the "large- 
field" model, in which the initial value of the inflaton 
is large and it rolls down toward the potential minimum 
at smaller <p. Chaotic inflation |2!j is one of the repre- 
sentative models of this class. The second class (type 
II) is the "small-field" model, in which the inflaton field 
is small initially and slowly evolves toward the potential 
minimum at larger </>. New inflation [3p| and natural in- 
flation |3l( are the examples of this type. The third one 
(type III) is the hybrid (double) inflation model [s^lssT ]. 
in which inflation ends by a phase transition triggered by 
the presence of the second scalar field (or after a second 
phase of inflation following the phase transition) . 
When y/A> 1 we have 
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In this case the relation between ns and R can be written 
as 




FIG. 3: Classification of inflationary models in the ns-R plane 
in the high energy limit. The line R = 4(1 — ns) marks the 
border of large- and small-field models, whereas the border of 
large-field and hybrid models corresponds to R = 6(1 — ns). 



Eq. i|ll|) . In this case we have 

R = A(l-n s ) 
The exponential potential 

V = Vq exp 




(26) 



(27) 



characterizes the border of large-field and hybrid models. 
In the high-energy limit, we have e = r\ = 4A/(Va), ns — 
1 = -16X/(Va) and R = 96X/(Va), thereby yielding 



R = 6(1 -n s ) 



(28) 



In Fig. we plot the borders (|26J) and Q28JI together with 
the regions of three kinds of inflationary models. The 
allowed range of hybrid models is wide relative to large- 
field and small-field models. 



R = 4(1 - n s ) + 8n . (24) 

The border of large-field and small-field models is given 
by the linear potential 

V = m<p. (25) 

Since V" vanishes in this case (i.e., n = 0), the spec- 
tral index of scalar perturbations is ns — 1 = — 6e from 



A. Large-field models 

Large-field models correspond to the parameter range 
with < n < e. The inflaton potential in these models is 
characterized as 

V((j>) = c<t) p . (29) 
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For a fixed value of p we have one free parameter, c, 
associated with the potential. 
From Eqs. J22J) and one gets 
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which means that ns and R are the functions of A, c and 
(f). From Eq. © we find that inflation ends at 
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where we used the relation Eq. The number of e-folds 
is 
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The second term ranges 5/12 < p < 5/6 for p > 2, 
thus negligible for iV > 50. Then we have the following 
relation 
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This is slightly different from what was obtained in 
Ref. |l(J as we neglected the contribution coming from 
the second term in Eq. i.Y.'A) . For a fixed value of p, ns 
and R are only dependent on TV. 
From Eqs. JS!} and we get 



R= UP (1 - n s ) ■ 
2p+l v b; 



(36) 



which corresponds to a straight line for a fixed p. For 
larger p, the tangent of the line Eq. 1|36[) gets larger. In 
Fig. 2] we plot the values of ns and R for different values 
of N and p. Note that we consider several values of e- 
foldings which range 45 < N < 60, whereas in Ref. [13 
this is fixed to be N — 55. 

When p = 2 the theoretical predictions Eqs. 134|) and 
(|35|l are within the 2a observational contour bound for 
N > 50 as found from Fig. 21 On the other hand the 
quartic potential (p — 4) is under strong observational 
pressure; the model is outside the 2a bound for N < 60. 
This case is disfavoured observationally, as in the case of 
standard inflation 0, H H H H . 

The exponential potential Eq. I|27l) corresponds to the 
limit p — > oo, in which case we have ns — 1 = — 4/JV and 
R = 2A/N from Eqs. QU and This case does not 

lie within the 2<r bound unless iV > 90. Therefore the 
steep inflation |34j driven by an exponential potential is 
excluded observationally. Although inflation is realized 
even for a < 1 in Eq. I|27|l in braneworld, the spectral 




FIG. 4: Theoretical prediction of large-field models together 
with the la, 2a and 3<r observational contour bounds. Each 
case corresponds to (a) p = 2, (b) p — 4 and (c) Exponential 
potential case (p — -> oo), respectively, with e- foldings N = 
45, 50, 55, 60 (from top to bottom). 



index ns and the ratio R are shifted from the point ns = 
1 and R = due to the steepness of the potential. 

For the potential Eq. I|29|l the amplitude of scalar per- 
turbations is given as 
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The COBE normalization corresponds to ^4s — 2 x 10 _D 
for N ~ 55, which determines the amplitude c. 

When p = 2, the inflaton mass = \J~2c is con- 
strained from Eq. (|39|l as 

m ~ 5 x 10 _5 M 5 , (40) 

which is different from the case of standard inflation, 
10 _6 mpi. In the case of p = 4 the self coupling, 



A^, = 



4c, is constrained to be 

\ A ~ 8.2 x 10" 15 . 



(41) 



which is slightly smaller than the case of standard infla- 
tion, A,* ~ 10" 13 . 
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As we have seen the model parameters can be strongly 
constrained in large- field models. This is due to the fact 
that we have only one free parameter, c, for the potential 
Eq. 129|) and that both ns and R can be written by using 
the e-folding number only even in the presence of the 
brane tension, A. 



B. Small-field models 

Small-field models are characterized by the condition 
n < 0, which means that the second derivative of the po- 
tential is negative. The potential in these models around 
the region <p = is written in the form 



v(<f>) = v [i-Wn) p } 



(42) 



A realistic model would consider a potential that has a 
local minimum, e.g., 



V ((f>) = V 



1 



(43) 



which is well approximated by the potential Eq. I|42l) for 

I(0/m) p I«i- 

New inflation is characterized by the potential Eq. i|43|) 
with p — 2. Natural inflation is slightly different from 
Eq. (|43|l . but it is approximated as Eq. (|43|l by perform- 
ing a Taylor expansion around = 0. The potential 
of the tachyon field computed in the bosonic string field 
theory is given by [35L l36| 



V( X ) = t 3 
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where T3 is the D3 brane tension and x* = with 
l s being a string-length scale. This potential has a local 
maximum at \ — x* an d inflation is realized around 
this region (x evolves toward the potential minimum at 
X = 0). We can perform a Taylor expansion around 
X = X* 1 which gives an approximate form of the potential 



V(x)-r 3 
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This reduces to the potential 142(1 with p = 2 by rewriting 
73 = Vo, <t> = X — X* an d xl — 2^ 2 . Therefore the 
tachyon potential Eq. (14411 belongs to small-field models 
by shifting the potential maximum to </> = 0. 

Hereafter we shall consider the potential Eq. I|43|l and 
assume the condition \{<p/ u) p \ <C 1. We obtain ns and R 
from Eqs. (O and J23|) as 
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together with the amplitude of scalar perturbations 
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The field value tfij takes a different form depend- 
ing on the model parameters. If the condition r = 
5Am|, 1 p 2 /(247r^ 2 Vb) < 1 is satisfied in Eq. ©, the end 
of inflation is characterized by — 2 _1 / p . This con- 

dition is automatically satisfied in the limit A/Vb — > 0. 
In the case r>l, which is possible for fi <^ mpi, we ap- 
proximately have (f>f/n ~ [5Am 2 1 p 2 /(247r^ 2 y )] 1/2(1 ~ p) ■ 
Hereafter we shall mainly discuss the case r 1 and 
comment on the case r > 1 at the end. 



1. Case of p — 2 

When p = 2 the field <p is expressed in terms of the 
e-folds N from Eq. fbff 



Making use of Eqs. (03) and 

2 _1 /p, we get the following relations 
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Then R has a maximum value i? m ax = 12/ eN at x = 
l/N, which means that i? max is smaller than 0.1 on cos- 
mologically relevant scales (50 < N < 60). Comparing 
to the observational bounds shown in Fig.0 we find that 
the point with maximum R is inside the la curve. 

Using the COBE normalized value As — 2 x 10~ 5 
around N = 55 with the condition R < 12/ eN, one gets 



Vn 



< 6.3 x 10" 



(53) 
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This condition is violated in the high-energy limit 
Vq/X — > 00, which suggests that the information of the 
COBE normalization limits the strength Vq/X. 

In Fig. [S] we show the two-dimensional plot of ns and R 
predicted by Eqs. ijSUI) and (|5"r|) [see case (a)]. Compared 
to the 2D posterior observational constraints shown in 
Fig-E theoretical predicted points are inside the 2a curve 
as long as |ns — 1| < 0.09. This translates into the con- 
dition x < 0.09, i.e., 



TOpi \ A . 

— < 0.28. 
Vo 



(54) 
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Then we can express R and ns in terms of x: 



FIG. 5: Theoretical prediction of small- field models together 
with the lcr, 2<r and 3<r observational contour bounds. Each 
case corresponds to (a) p = 2, (b) p = 4 and (c) p = 6, with 
AT = 55. 



If we assume that the mass [i is smaller than mpi, we get 
the constraints X/V < 0.28 and Vb/m^ < 5.0 x 10~ 13 
from Eqs. (|53(l and (|54|l . In natural inflation the typical 
energy scale is the GUT scale, i.e., Vq ~ (10 16 GeV) 4 , cor- 
responding to Vb/mpj ~ 10~ 12 . The above upper limit of 
the energy scale in the brane case is not much different 
from the one in standard inflationary cosmology. 



2. Case of p > 2 



When p > 2 the terms in the square bracket of Eq. i|46|) 
can be much smaller than unity for |c/>//i| <C 1. This 
means that the factor x which appears in front of the 
square bracket of Eq. (|46|l is not necessarily required to 
be smaller than unity in order to be compatible with 
observations. 

The field 6 is written as 
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Notice that R is written in terms of Ag independent of 
the values of p. The maximum value i? ma x gets gradually 
smaller with the increase of p. When p = 4, for example, 
one has i? max — 0.065 for N ~ 55, thereby yielding 
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< 5.1 x 10" 



(58) 



Figure [5] indicates that the theoretical curves do not 
lie in the region rig < 0.94 even with the increase in 
the value of x. Let us consider the case with x 3> 1 
(corresponding to r 3> 1). Since <fif is estimated as 
<j) f /n ~ [5Am P1 p7( 247r l« 2 K))] 1/2(1 ~ p) in this case, we 
have 
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In the limit a; — > oo, we find i? oc x v ^ 2 ~ p ^ 
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and 
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When AT = 55 one has ns — > 0.946 for p = 4 and ns - * 
0.955 for p = 6. As seen in Fig-EI the curves predicted 
by Eqs. I|56l) and (|57|l are inside the lcr curve. Therefore 
the model parameters are less constrained than in the 
case of p — 2. This is associated with the fact that the 
potential becomes flat around = for larger values of 
p, which does not exhibit strong deviation from ns = 1 
and R = Q. 



C. Hybrid models 



Am P1 p(p - 2)N 
47rVbAi 2 



2-p 



(55) 



Hybrid inflation is motivated by particle physics mod- 
els which involve supersymmetry. The potential of the 
original hybrid inflation proposed by Linde is given as 



Let us first consider the case of x <C 1 and ~ 2 l / p . 



X 2 -^) +\g^ 2 X 2 + \m 2 cf. (62) 
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The supersymmetric scenario corresponds to g 2 = 2Xq 
[33ll3^ |. which is the case we shall consider hereafter. In- 
flation occurs for <j> > <j)j = M/g, which is followed by 
the symmetry breaking driven by a second scalar field, x- 
When the "waterfall" condition, M 3 -C Aomm P1 , is sat- 
isfied, inflation soon comes to an end after the symmetry 
breaking [32l |. This corresponds to the original version 
of the hybrid inflationary scenario where inflation ends 
due to the rapid rolling of the field \- Setting x — in 
Eq. H62|) . the effective potential for <j> > <f)f is written as 



V 



M 4 
4A7 



1 



2 ±2 

m (f> 



(63) 



Notice that the second phase of inflation occurs after 
the symmetry breaking when the waterfall condition is 
not satisfied. This corresponds to a double inflationary 
scenario in which the second stage of inflation can affect 
the evolution of cosmological perturbations. In fact, as 
shown in Ref. 38], the presence of the tachyonic insta- 
bility for <j> < cj)f leads to the strong correlation between 
adiabatic and isocurvature perturbations, which can af- 
fect the CMB power spectrum. 

In this work we shall consider the case where pertur- 
bations on cosmologically-relevant scales are generated 
before the symmetry breaking and also neglect the con- 
tribution of isocurvature perturbations. Then the general 
hybrid inflation is given in the form 



V (4>) = F o [1 + (0/m) p ] 



(64) 



which correspond to the parameter range of r\ > e for 
V/X^S> 1. For the potential Eq. (|63|l we have three model 
parameters, Ao, M and m. Note that 0/ is expressed in 
terms of Ao and M, as <j)f = M/s/2Xq. This is equivalent 
to considering three parameters, Vq, [i and <pf for the 
potential Eq. (|64|l . Since we have one additional param- 
eter compared to small-field models, it is expected that 
constraining the model is more difficult in this case. 

However one has additional constraints on Vq and fj, 
in realistic supergravity models. We can consider the fol- 
lowing supergravity- motivated cases (33l|3!| (correspond- 
ing to p = 2 and p = 4, respectively) 



(i) V{cj>) = Vq 

(ii) v(<f>) = v Q 



\m P iJ 

l + 8n*(-*-Y 
V mpi / 



(65) 
(66) 



In case (i) the second slow-roll parameter is given as rj = 
2/(1 + V/2X). Then we have rj = 2 in the low-energy 
limit, which makes it difficult to achieve inflation (the 
so-called 77-problcm). This problem is overcome in the 
braneworld, since 77 — ^ for V/X — > 00. The case (ii) 
corresponds to inclusion of the supergravity corrections 
to the effective potential in a globally-supersymmetric 
theory [3^ (we neglected one-loop radiative corrections 
calculated in Ref. |3g|). We have r) = 127r(0/m P1 ) 2 /(l + 



T^/2A) in this case, which means that inflation is possible 
even in the low-energy limit as long as <f> <C TOpi. 

We shall first consider the general potential Eq. H64|) 
without imposing the supergravity relations. When 
(cj)f/lJ,) p is larger than unity in Eq. I|64|l . this is not much 
different from large-field models discussed in subsection 
A. Therefore the condition \{(j>/ ji) p \ <C 1 is assumed here- 
after, in which case we have 



2tt \ [i 
(p-1 



Vo 1 

p-2 



(67) 



(2 - 5p) 



2(p-l) 



where R and Ag take the same forms as in Eqs. (14TB and 
(|48H . thereby yielding 



R 



128y 3 1 
>5A 2 m P1 If 



(68) 



The observational constraint imposes the condition R < 
0.57 from Fig. yielding 



Vo 



< 4.5 x 10" 



(69) 



pi 



This is a general prediction of hybrid and small- field mod- 
els. Note that this value is more tightly constrained in 
small-field models as we showed in the previous subsec- 
tion, but the hybrid models are somewhat different be- 
cause of the additional model parameter. 

Hereafter we consider the cases of p — 2 and p > 2 
separately. 



Case of p 



In this case <fi, R and ns are expressed as 



■ exp 



Ampj 



N 



R 

"s 



\2irVon 2 
2A{<l> } /nYxe N * , 
l + a;[l-8(0 / //i) 2 e / 



(70) 

(71) 
(72) 



where x is defined in Eq. (152(1 . 

In Fig.|Hlwe plot the above relations for several different 
values of cf) y When (f>f/fJ, < 10 -3 the theoretical curve 
is outside of the 2a contour bound unless x ranges < 
x < 0.05 (note that R is much smaller than 1 for < 
x < 0.05 in the case (a) of Fig.|BJ). Therefore one gets the 
following constraint 



I^Y 4 < 0.16 



Vo 



for <j>f/(Jt< 10" 



(73) 



The supergravity potential l|65() corresponds to fj, = 
mpi/VoTT, which yields the constraint A/Vb < 6.3 x 10 -3 
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FIG. 6: Theoretical prediction of hybrid models together with 
the lcr, 2cr and 3a observational contour bounds. Each case 
corresponds to (a) (jiffy = 10~ 3 , (b) (jiffy = 10~~ 2 and (c) 
(jiffy = KT 1 with N = 55. 







- 


/(c) 




(b) 


(a) 



1 1.01 1.02 1.03 1.04 1.05 1.06 1.07 1.08 



FIG. 7: Theoretical prediction for ns and R in hybrid inflation 
models for p — 4. Each case corresponds to (a) <pffy = 10~ 2 , 
(b) (pf/y = 5 x 1(T 2 and (c) (jiffy. = HT 1 with N = 55. 



2. Case of p > 2 



When p > 2 we have 



from Eq. Ij73(l . Making use of Eq. Ij69(l , we have a bound 
on the energy scale of inflation, Vo/ TO pi 1.6 x 10 -14 . 
This is about 10 -2 times lower than the GUT scale, 
Vo/m^ ~ 10- 12 . 

When > 10~ 3 , Fig. indicates that the theo- 

retical curves begin to be within the likelihood contour 
bounds. In particular the curve is completely inside the 
2cr bound for (fif/fi > 0.03, thus favoured observationally. 
However we have one thing that must be considered with 
care. There is a turnover for ns coming from the second 
term in the square bracket of Eq. I|67|) . Since we used the 
condition (<j)f/y) 2 < 1 to derive this formula, Eq. (JB7J 
is not valid when ns reaches close to 1 with the increase 
of x, corresponding to xm = (2/A r )log(u/2v / 20/)- The 
rough criterion for the validity of the approximation is 
x < x M , implying 



mp{ \ A<^i ( __tL_ 
y ) V - N ° g \2V2<p f 



(74) 



This comes from the requirement for hybrid inflation 
(((/>/ / ' y) p <C 1) so that the potential energy Vo dominates 
in Eq. (|64|l . For the supergravity potential l|65l) with 
N = 55, one gets X/V < 4.5 x lO^log («/(2 v / 2</>/)). 
When (ji f /y > 0.03, this yields X/V < 1.2 x 10~ 2 . Infla- 
tion is realized in the high-energy regime (corresponding 
to small X/Vq) in this case, which gives the values of ns 
and R close to ns = 1 and R = 0. 



2-p 



R 



I2px 



2-p 



(p - 2)Nx 



(75) 



2-P 



(p - 2)iVx 



n s 



1 = (p- l)x 



R 
I2px 



bp 



Yip 



,(76) 



R.(77) 



Under the condition of \(j>f/y\ 1, the ratio R is 
much smaller than unity (see Fig.0). This means that 
we only need to consider the constraint on ns- The 
spectral index is approximately written as ns — 1 — 
(p - l)x/[((^f/y) 2 ~P - (p - 2)Nx/2] for \{<j>f/yY\ « 1. 
We have the 2a constraint ns < 1.05 for R <C 1 from 
Fig-El which leads to 



< 



O.O5(0 / / M ) 2 - p 



{p - 1) + 0.025(p - 2)N ' 
In the case of p = 4 with N = 55, this reduces to 



(78) 



(79) 



The supergravity potential Eq. I|6(jf> corresponds to y 2 — 
m pi/ '(VStt) , in which case the condition Eq. (|79|l is sim- 
plified as 



V 



< 2.9 x 10" 



(80) 
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Combining Eq. Q with Eq. (JHOJ, we get the constraint 
^<3.5xlO- 16 f-^V , (81) 
whose upper bound is dependent on the value 4>f/p. 

V. SUMMARY AND DISCUSSIONS 

In this paper we have investigated observational con- 
straints on the Randall- Sundrum type II braneworld in- 
flationary models. The consistency relation Eq. i|16|) 
holds independent of the strength of the brane tension A, 
so that the same likelihood analysis can be employed as 
for standard inflationary models. We carried out the like- 
lihood analysis by varying the inflationary parameters as 
well as other cosmological parameters. We take into ac- 
count several independent cosmological datasets includ- 
ing the latest SDSS galaxy redshift survey |llj], and show 
that this leads to a tight constraint on the values of ns 
and R relative to including WMAP data alone 0. Our 
results are also consistent with the likelihood analysis of 
the SDSS group Q. We also point out the importance 
of putting an appropriate prior for the running of scalar 
perturbations, which otherwise leads to an unexpected 
shift toward larger likelihood values of R. 

In braneworld the constraints on model parameters in 
terms of the underlying potentials are different compared 
to standard inflation. We classified the models of in- 
flation as large-field, small-field and hybrid models, and 
constrained the model parameters for each case. In large- 
field models, which have only one free parameter in the 
potential, both ns and R are the function in terms of 
the e-folds N only. This simple property allows us to 
place strong constraints on large- field models. While the 
quadratic potential is within the observational 2a bound 
for N > 50, the quartic potential is disfavoured since 
the predicted curve is outside the 2a bound for N < 60 
(see Fig.0J). The steep inflation driven by an exponen- 
tial potential is far outside the 3a bound, thus excluded 
observationally. 

In small-field models one has an additional parameter 
associated with the potential, which implies that it is 
more difficult to constrain model parameters compared 
to large-field models. In spite of this, we can place an 
upper bound on the energy scale of inflation using the 
information of Ag and R, see Eqs. (|53[1 and H58|) . The 
p = 2 case for the potential Eq. H43[) is not excluded as 
long as the condition Eq. I|54|) is satisfied. The p > 2 
case does not possess additional restrictions on model 
parameters, since the theoretical prediction is within the 
la contour bound (see Fig-EJ) ■ 

Hybrid models are more involved due to the fact that 
there is one more additional parameter associated with 
the end of inflation (</>/). Nevertheless we placed limits 
on the energy scale of inflation and also obtained the 
relationship between p, A/Vq and </>/ from observational 



bounds in the ns~R plane [see Eqs. iffity. (J72J and (J75J)]. 

These relations can be simplified in supergravity models 
due to an additional relation between Vo and p. 

Although the constraint on each inflation model in 
braneworld differs from the one in standard inflationary 
cosmology, the likelihood values of inflationary parame- 
ters (Ag, R, ns, riT, <%s, <xt) are the same in both cases. 
In order to pick up the signature of braneworld, it is 
required to break through the degeneracy of the consis- 
tency relation. This degeneracy is associated with the 
fact that 5-dimensional observables smoothly approach 
the 4-dimensional counterpart in an exact de-Sitter em- 
bedding, as we decouple the brane from the bulk with an 
increasing brane tension. However it was recently shown 
in Ref. |4(| that this does not hold for a marginally- 
perturbed de-Sitter geometry and the relationship be- 
tween observables is dependent on the brane tension (see 
also Ref. ^j|). This can provide one possible way to dis- 
tinguish between braneworld and standard inflation from 
different constraints on observables. 

While we concentrated on single-field inflationary sce- 
narios in this work, the CMB power spectrum is gen- 
erally modified if isocurvature perturbations dominate 
adiabatic ones I n the low-energy case the corre- 

lation between adiabatic and isocurvature perturbations 
is strong for the double inflation model with potential 
given by Eq. I|tj2fl 38] . When the second stage of infla- 
tion occurs after the symmetry breaking, it is important 
to follow the dynamics of curvature perturbations 1Z pre- 
cisely, since 1Z is no longer conserved in the context of 
multi- field inflation [Sjj. The enhancement of curvature 
perturbations reduces the relative amplitude of tensor to 
scalar perturbations, which leads to the modified consis- 
tency relation [44( 

R = -8n T (l - r%) , (82) 

where tq is the correlation between adiabatic and isocur- 
vature perturbations. Although it is not obvious whether 
the same consistency relation holds or not in braneworld, 
especially when the second scalar field corresponds to the 
brane modulus, it would be interesting to find out the sig- 
nature of braneworld in such generic cases. See Ref. |45j 
for recent work in this direction. 

In this paper we have only considered braneworld ef- 
fects on generating the initial power spectra, while in 
general there may be 5D effects at late times impacting 
on, for example, CMB anisotropics. Recently there have 
been several attempts to give a quantitative prediction 
of the CMB power spectrum by solving a bulk geome- 
try usin g a low-energy approximation |46( in a two-brane 
system jl3l 147$ . While this approach involves some un- 
resolved issues such as the stabilization of the modulus 
(radion), this is the first important step to understand 
the effect of the 5D perturbations. In particular it was 
shown in Ref. 0] that the effect of the Weyl anisotropic 
stress leads to the modification of the CMB temperature 
anisotropy around the first doppler peak, while the per- 
turbations on larger scales are not altered. It would be 
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certainly of interest to extend this analysis to the high- 
energy regime in order to fully pick up the effect of extra 
dimensions on CMB anisotropies. We hope that this will 
open up a possibility to distinguish the braneworld sce- 
nario from other inflationary models motivated by, e.g ., 
quantum gravity |48| or noncommutative geometry [49| . 
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